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If k1 and kg are positive integers, the partition P = (aj,ay,...,an) of kj + ko is said to be
a Ramsey partition for the pair k1, ko if for any sublist & of P, either there is a sublist of f which
sums to kj or a sublist of P — & which sums to ky. Properties of Ramsey partitions are discussed. In
particular it is shown that there is a unique Ramsey partition for k1, k2 having the smallest number
n of terms, and in this case n is one more than the sum of the quotients in the Euclidean algorithm
for k1 and ko.

An application of Ramsey partitions to the following fair division problem is also discussed:
Suppose two persons are to divide a cake fairly in the ratio kj : kp. This can be done trivially using
k1 + kg — 1 cuts. However, every Ramsey partition of k; + ko also yields a fair division algorithm.
This method yields fewer cuts except when k1 =1 and kg =1, 2 or 4.

1. Introduction

The problem of fairly dividing a cake among n persons apparently originated with
Hugo Steinhaus in 1948 [3]. He wrote at the time; “Having found during the war a
solution for three partners, I proposed the problem for n partners to B. Knaster and
S. Banach.” They solved the problem and Steinhaus went on to say; “Interesting
mathematical problems arise if we are to determine the minimal number of cuts
necessary for fair division.” Algorithms have been given requiring 0(n!), O(n ) and
0(nlogn) cuts for equal shares [1,2,3,4]. The Moving Knife algorithm requires only
n — 1 cuts but requires a continuum of simultaneous evaluations by the people doing
the dividing.

Suppose now A and B are to share a cake with their portions in the ratio of k;
to k9. Thus we seek a partition of the cake X = XqUXy with p4(Xq) > k1 /(k1 +k2)
and pg(Xg) > ka/(k1 + k) where u4 and up are the probability measures on X
by which A and B evaluate pieces of the cake. A solution is. given by assuming
there are k1 + ko players who are to get equal shares with the additional information
that their individual probability measures by which the pieces are evaluated satisfy
pr=p2=...=p =pgand pg 41 = ... = +k; = pp- The least number
of cuts reqmred by known algonthms would be k1 + k2 — 1 which is realized by the
Moving Knife solution. Letting A cut k) + k2 equal pieces and B choose ko of them
would also accomplish the task in k1 + k3 — 1 cuts.

In what follows we identify special partitions of the integer ky + kg, which are
used for fair division in the ratio k; : ko. We first study these partitions for the pair
k1, ko, which are interesting in their own right, before showing how they are used to
accomplish fair divisions with fewer than k; + k9 — 1 cuts for two persons who are
to receive unequal shares.
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2. Ramsey Partitions of Integers

Assume throughout that ? = (a1, ag,...,an) where all a; are positive integers
n
and a1 > ag > ... > an. In this case P partitions the integer > a;. If ¥ =

i=1
(@i Qg vy 04,), 11 < 82 < ... < ir is & sublist of P we will write ¥ C P. The
complementary sublist is denoted by P — .
Definition 2.1. A partition P = (ay,a9,...,a,) is a Ramsey partition for the pair

n
k1, ko provided E a; = k1 + k9 and for any ¥ C P either

i=1
(%) Zai =k, for some ¥’ C ¥ or
‘f’
(#2) Za,- = ko for some ¥' C P - .
yl

See Table 1 for examples.

Proposition 2.2. The following three conditions are equivalent.

(1) & is Ramsey for the pair ki, ka.

(2) For any ¥ C P, ¥ a; > k; implies for some ¥' C ¥, Y a; =k, forl = 1,2.
N N

(3) Any iy < i < ... < it satisfying o5, + aj, + ...+ o3,_, < ky and o4, + o, +
...+ aj, > k; requires a;; + @i, +...+a;, =k, for [ =1,2.

Proof. We show (1) = (2) = (3) = (1). f Y. o; > ky and Y o; # ky forall ¥' C ¥
S g

then neither (i) nor (i7) can hold for & since Y. «; < ko. oy +ai,+.. 4a;,_, < ki
r-4

while oy, + oy, + ... + aj, > ki, then (2) fails for | = 1 and & = (o, o4y, ..., ;)

since the a;; are non-increasing. The Ramsey condition follows immediately from

(3) since for any S we have 3" a; > k1, or Y, a; > ka. 1
b 4 P-4

Corollary 2.3. If  is Ramsey for the pair ki, kg with k1 < ko then

(1) No term of P exceeds k;.

(2) P does not contain exactly ky — 1 or kg ~ 1 ones.

(3) Forsome ji and j2, a1,. . .,a;, partition ky, aj, 41,...,an partition kg, ay,.. . ,aj,
partition k3 and aj,41,...,an partition k.

(4) With jy as in (3), ' = (k1,0j,41,...,0n) is also Ramsey for the pair k1, ko.

Comment. None of the-conditions of 2.3 is sufficient for a Ramsey partition; # =
(5,3,2,2,2,2) satisfies (1), (2), (3), and the corresponding #' in (4) is Ramsey for
the pair 8, 10, yet 2 is not Ramsey for 8, 10.
Definition 2.4. Partition P = (a1, a2, ..., an) is a minimal Ramsey partition for the
pair ki, kg if whenever ' = (81, B2, ..., 0m) is also Ramsey for the pair then n < m.
We will show that the minimal Ramsey partition for the pair k1, ko is unique.
It must have @1 = min{ky, k2} from 2.3 (4). The following will provide a method of
constructing this special partition.
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Table 1. The 46 Ramsey Partitions for the Pair 8, 13

.,ap) partition ky so that P = (k1,,...,an)

(ala Q,..
partitions ki + kg with oy < ky < ko. Then

(1) #' is Ramsey for the pair k1, ko if and only if P is Ramsey for the pair k1, ko — k1

Theorem 2.5. Let #

and
(2) P is minimal Ramsey for the pair k1, kg if and only if P is minimal Ramsey for

the pair ki, ko — k1. (No assumption is made on the relative size of k3 — k1 and

k).



196 KEVIN McAVANEY, JACK ROBERTSON, WILLIAM WEBB

;’ro‘;;. Sums from P as in 2.2 (3) would skip k; if and only if the same were true
or 7.

Also if terms from P satisfy a;, +ay, +...+a;,_, < k2—ky and o5, +j, +. . .4, >
k2—k; then terms from &' satisfy kj+a;, +. . .+04,_, < k2 and k1+a;, +. . .+, > ke.
Conversely for a sum in P’ to skip ko, since a; + a2 + ... + oy = k2, we must have
k1+ o5 +a5,+...+oy,_, <kgand k) + oy, + o, +... + a;, > kg which requires
i tai, +... 4oy, <ky~ki,and oy +ai, +... 404, > kg —kpin P.

As noted above, if P’ is minimal Ramsey for k1, kg then its first term must be
ki, and (ky, 1,59, ...,0r), T < n, is Ramsey for ky, ko if and only if (8, 39,...,5r)
is Ramsey for k1, k2 — k1. Thus the partitions are either both minimal or both
non-minimal. |

We can now use Theorem 2.5 to construct the unique minimal Ramsey partition
P for the pair k1, ko — k1. Assuming k; < ko, the first entry of  must be k1, and
what remains must be minimal Ramsey for k3 — k1, k. Thus the second entry is
min{ky, k2 — k1} and the process is repeated. If gcd(k1, k2) = d the process reaches
the final stage of requiring a minimal Ramsey partition for d, md for some integer
m, which is readily seen to be m + 1 entries of d.

Proposition 2.6. There is a unique minimal Ramsey partition = (a1, 9,...,an)
for the pair ky, ko. If P = (81,59, ..,Bm) is any Ramsey partition for ky, ko then
for some 81 < 32 < ... < 8,1 we have:

Bi1+Be+...4+8sy =1
,le+1+---+ﬂsz=a2

ﬁSn—1+1/+ cort Pm = 0n

Proof. We have seen above there is an algorithm which produces the unique minimal
partition. We know also ¢} = k; (assuming k) < kg) and from 2.2 (3) 81+ B2 +...+
Bs; = ay for some s;. If n = 2 we are done. Otherwise from Theorem 2.5, P; =
(o2,03,...,0y) is minimal Ramsey for kg —k1, k1 while P} = (85,41, 85142 - - -, Bm)
is Ramsey for ko — k1, k1 and the argument is repeated. ]

Thus the unique minimal Ramsey partition for the pair k;, ko has strictly fewer
entries than any other Ramsey partition for the pair. We set f(k1, k2) equal to one
less than the number of entries in the minimal Ramsey partition for the pair k;, k9.
This is the number of “cuts” one must make to produce the partition.

Theorem 2.7. The number f(k1,ks) is the sum of the quotients in the Euclidean
algorithm for ky and ko, If (81,08, ...,m) is any other Ramsey partition for ki, kg
we have m > f(k1,ke) + 1.

Proof. For example f(8,22) =6 =2+1+3since22=2-8+6,8=1-6+2 and
6 = 3-240. The corresponding minimal Ramsey partition for 8, 22 is (8,8,6,2,2,2,2).
The second statement has been observed above so we look at the first. If f(ky, ko) =1
then k; = ks = d for some d and the minimal Ramsey partition is (d,d) and one
is the sum of the quotients for k; and k2. Assume the result for any pair with
f(k1,k2) < 7—1 and suppose a new pair ki, ko with k1 < ko has j + 1 entries in the
corresponding minimal Ramsey partition.
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Case 1: k9 > 2k

From 2.5 we have f(ky1,k2) = 1+ f(ky,kg — k1). But the first quotient for ki,
ko — k1 is one less than that for k1, k9 while all other quotients are the same. The
induction hypothesis applied to the pair ki, ko — k1 gives the required result for the
pair k1, ko.

Case 2: ky < 2k;

As before, f(k1,k2) =1+ f(k1,ka — k1) = 1+ f(kg — k1, k1). The first quotient
for k1 and k9 is one and the first remainder is kg9 — kj. Thus the rest of the Euclidean
algorithm for kq, ko is the same as the algorithm for ks — kq, k1. The result follows.j

Proposition 2.8. Suppose ki < ko, then
(1) f(ka,k2) = flko — k1, ko),

(2) f(1,k2) = ko,
(3) f(mky,mky) = f(k1,k2)
@ k) < |52 itk 2 2

(5) [ -l < f(ky, ko) for all k1, kg, and

(6) lim i(%—@ =1 for all k.
kaooo (82)

Proof. We know f(ky,k2) = 1+ f(k1,ke — k1) = f(k2 — k1, k2), both equalities from
2.5 since (kq, kg — k1) = (kg — (k2 — k1), k2 — k1). The minimal Ramsey partition for
1, k2 has kg + 1 ones. For (3), the Euclidean algorithm for k; and k9 has the same
quotients as for mky, mks.

To see (4), if k1 > 2 and k; = ko, the minimal Ramsey partition is (k1, k1) so
flk1,k2) =1 < (k1 + k2)/2. Also, if kg = k3 + 1, the minimal Ramsey partition is
1 k
(k1,1,1,...,1) so f(k1,ka) = k1 +1 = [2'“1; ] = { 1’2”“2].
Now assume (4) whenever k) +k2 < m, 2 < k1 < k3. Then where k1 +kg = m+1,

2 < k1 < kg, and kg — ky > 2 we observe f(ky, k) = 1+ f(ky — k1, k1) < 1+ [iﬂ =
P—'E’—Cq < P—"UZ'—’EZ.‘ , the first inequality following from the induction hypothesis.

The equality (5) is immediate since we know that each term of the partition
of ki + kg is no larger than k1. In (6) the numerator is I_%J plus f(j, k1) where

j = ko modk;. For all j the numerator is between (kg/k1) and (k2/k1) + 2k, since
the longest Ramsey partition for the pair j, k1 is all ones. ]

It appears to be difficult to list all Ramsey partitions for a pair k1, kg or to
determine how many there are. We will address this number-theoretic question in
later work. Table 1 gives the 46 Ramsey partitions for the pair 8, 13 while Table 2
gives the number of Ramsey partitions for various pairs k1, ks.
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kol 2 3 4 5 6 7 8 9 10 11 12 13
2 3

3 2 5

4 4 3 11

5 3 4 5 14

6 5 7 11 7 31

7 4 5 8 10 11 34

8 6 6 19 11 24 15 69

g9 5 9 11 12 25 22 22 82

10 7 7 20 21 33 23 49 30 139

11 6 8 15 14 24 27 36 45 42 149

12 8§ 11 29 17- 61 29 79 60 90 56 302

13 7 9 19 18 31 30 46 55 66 84 77 280
14 9 10 31 19 53 53 84 57 120 86 166 101
15 8 13 24 28 53 34 56 85 103 102 148

16 | 10 11 41 21 65 41 146 70 144 99

17 9 12 29 24 51 42 69 T2 102

18 | 11 15 44 25 101 46 126 146

19 | 10 13 35 26 61 48 90

20 | 12 14 55 35 92 49

21 | 11 17 41 28 91

22 { 13 15 59 31

23 | 12 16 48

24 | 14 19

25 | 13

Table 2. The Number of Ramsey Partitions for Various ki, ko
3. Fair Divisions Using Ramsey Partitions

We now use Ramsey partitions to construct algorithms for fair division when
two persons are to get shares in the ratio of kj to ka. Since the problem for kp : ko
is the same as for ak; : aky we will assume henceforth that k; and k2 and relatively
prime, whence k; < kg unless k; = k9 = 1. These algorithms require fewer cuts than
k1 + ks — 1 except when ky =1 and k2 = 1,2 or 4.

3.1. Fair Division Algorithm by Ramsey Partitions for Two Persons Receiving
Unequal Shares

Given persons A and B, probability measures u4 and ppg, and integers
1 < k; < ko, to partition a cake X = S3 U So so that p4(S1) > ky/(k1 + kg)
and pg(S2) > ka/(k1 + k2):

1. Let # = (a1, 09,...,an) be a Ramsey partition for the pair k;, ko.

2. Let Acut X = X1 UXoU...UXp, so that p4(X;) = ay/(ky + ko).
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3. Set ¥ = (ay;,0q;,,...,q;) where 0;; appears in & if and only if
uB(Xy;) = ai;/(k1 + kg).
4. If some sublist of & sums to kp assign to B the corresponding pieces;
otherwise assign to A pieces corresponding to a sublist in P — ¥ which sums
to k1. In each case the second person receives the remaining pieces.
It is clear the algorithm generates the necessary sets S and S using f(k, ko)
cuts when the minimal Ramsey partition is used. We wish this to be fewer than
k1 + k2 — 1 to improve on known algorithms. By 2.8 {4) when ko > k) > 2 then at

most [Er;ﬁz.l cuts are required and with &k, and kg relatively prime this improves

on k; + kg — 1. If k; = 1 the only Ramsey partition consists of k; + k2 ones which
makes f(k1,k2) = k1 + k2 — 1. To improve on the number of cuts in this and other
cases we reduce the original problem to a smaller one.

3.2. Reduced Fair Division Algorithm.
The problem is the same as that for 3.1. We assume k; < ky.
1. Let A cut X = X7 U Xy where p4(X1) = p4g(X3) = %

Let B choose, say Xo, with pg(Xq) > %
3. Implement Algorithm 3.1 on X; for A and B in the new ratio ki, (k2 — k1)/2
(or 2k1, ko — k).

N

Example 3.3 Divide the Cake in the Ratio 1:3.

With k1 = 1, ko = 3, A cuts halves X7, X9 and assume B chooses Xo. Then X
is divided in the ratio of 1 to %’l = 1 with one additional cut. Two cuts were used
instead of f(1,3) = 3 cuts as required in 3.1.

The following theorem establishes that proper portions are given by 3.2 and that
for k; = 1 the algorithm requires fewer than f(1,k2) = kg cuts for ratio 1, ks when
k2 is not 1,2, or 4. This and 2.8 (3) and (4) show that division into ratio k; : kg using
3.1 or 3.2 requires fewer cuts than known algorithms (including “Moving Knife” for
k1 + ko persons) unless k) = 1 and k2 = 1 (one cut), k2 = 2 (two cuts) or kg = 4
(four cuts).

Theorem 3.4. The reduced Fair Division Algorithm accomplishes fair division for the
unequal portions in the ratio ky : ko. If 1 = k1 < kg and k9 # 2 or 4, then fewer
than f(1,ks) = ky cuts are required.

Proof. The algorithm assigns A pieces composing S with g4 (81) = [k1/( h—'éi”z)] .
% = ky1/(k1 + ko) while B gets pieces composing S with

— ki, , ki+ ks

/()
as required. The number of cuts used is 1 + f(2k1, k3 — k). Setting k; = 1, when
ko — k1 is even we have 1 + f(1, ’—‘22——1) =1+ (kg —1)/2 = (1 + ky)/2 cuts which is
less than f(1, kg) = ko since kg > 1. When kg — k1 is 0dd and k; = 1 the number of
cuts is 1+ f(2k1, by — ki) = 1+ f(2,kg — 1) < 1+ [8#1] = [5£8) which is less
than f(1, ko) = ko whenever kg > 4. ]

1
2

up(S2) > <+ (%2 = k/(ky + k)
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Comparing numbers f(ky, ko) and 1+ f(2k1, ko — k1) shows when 3.2 improves
on the number of cuts required by 3.1. In some cages reductions are substantial. Also
one can reduce by other than halves. The following example shows how reduction
by thirds can reduce the number of cuts.

Example 3.5. Dividing the Cake in the Ratio of T:8.

The minimal Ramsey partition for 7, 8 is (7,1,1,1,1,1,1,1,1) requiring 8 cuts
using 3.1 Reduction by thirds reduces the number of cuts to 5. Have A cut thirds
X1 U X2 U X3 and have B choose one piece for himself, say X3 and assign one piece
to A, say X9. Then X7 should be divided between A and B in the ratio of 2 to 3
to accomplish the overall 7, 8 division. The minimal Ramsey partition for 2, 3 is
(2,1,1,1) requiring 3 cuts.

Finally we examine the situation for unequal shares for more than two persons.
The algorithm is inductive.

3.6. Fair Division Algorithm for n Persons, Unequal Shares
Given persons Py, Py, ..., Py, with corresponding probability measures

B1,142, - - -, thn and positive integers ki, ko,...,kn with 2 k; = K, to parti-

tion a cake X = X;UXoU...UX, so that 44;(X;) > k; /K fori=1,2,.

1. Assuming a solution for n — 1 players, partition the cake X

X{UXyU...UX]_, sothat p;(X]) > ki/(K —kp),i=1,2,...,n- L

2. For each i=1,2,...,n — 1 execute 3.1 for persons F; a.nd P, in the
ratio K — ky, : kp on le, giving P, a portion from each X ; ; the remainder

of X! comprises X;.

Let f(ky,ka,...,ky) denote the number of cuts required in implementing 3.6.
Theorem 3.8. Algorithm 3.6 accomplishes fair division in the ratios k1 : ko :
... ¢ kn. The number of cuts used follows the recursion f(ki,ka,...,kn) =
fk1, kg, ooy kn1) + (= 1) f(ky + ko + ... + kn—1,kn).

Proof. Person P; will get at least —KE—’& . R’IE—“E: = ’f\i, 1=1,2,...,n—1 while person
P, gets at least %(un(X{) + ...+ pn(X!_1)) = %5 as required. The recursion

formula is immediate.

Example 3.7. Persons Py, Py, P3 are to receive portions in the ratio 1:3 : 10. First
P, and P, divide the cake in the ratio of 1 : 3 ising 3.2 which requires 2 cuts as
in Example 3.3. Then both P; and P, divide their portions with P3 in the ratio
of 4 : 10 or 2 : 5 which requires 4 cuts each. Ten cuts total are used, whereas the
Moving Knife algonthm requlres 13. Person P; gets a portlon at least 2 ?- 3 = 1-4,

Py gets at least Z whlle Py gets at least 7( it Z) = 7 as required. [ |

In the case k; = k2 = ... = kn = 1 the number of cuts required by 3.6
is fki kg, . kn) = f(k1, k2, . kno1) + (n = )f(kr + kg + ... + ky1,1) =
flkikgy .o ko) +(n—1)2 =...=12422432+ ... 4+ (n—~1)2 if 3.1 but not

3.2 is used. In this case the number of cuts required by 3.6 is 0(n3) so that more

cuts are required for large n than known algorithms for equal shares requiring o(n?)
or O(nlogn) cuts. However, the use of 3.2 reduces the number of cuts and as 3.7
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shows, for unequal shares the number of cuts can be less than K — 1 improving on
the number of cuts required even for “Moving Knife.”

Comment: Ramsey partitions could be defined for the sequence ki, ko,...,k, by
imposing condition 2.2 (3) for [ = 1,2,...,n. Questions concerning such special
n

partitions of 3" k; are interesting from the number-theoretic point of view. Can they
i=1

be used in more general settings of fair divisions, and do they have other applications?
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